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Abstract
We study two supersymmetric toy models of a k-form superfield, k = 2, 1 separately.
By “solving” Jacobi identities, we show that each model is completely solvable at off-
shell level, possesses a severely constrained kinematics, and gives a rigid representation
of the supersymmetry algebra. This study of the toy models is motivated by our
reanalysis on supersymmetry algebras in gauge theories where we discuss internal
symmetry generators carrying spacetime/spinor indices.
PACS : 11.30.Pb, 11.15.-q, 12.60.Jv
∗E-mail address: jhp@kias.re.kr
I. Introduction
Coleman-Mandula theorem [1] has been a cornerstone to construct possible supersymmetry
algebras in various dimensions. The theorem states that any group of bosonic symmetries
of the s-matrix in relativistic field theory is the direct product of of the Poincare´ group
with an internal symmetry group. Consequently supersymmetry algebra was conceived
as a Z2-graded algebra of which the bosonic part needed to satisfy the theorem [2–4]. In
particular the internal symmetry generators do not carry any spacetime index. One of
the assumptions necessary to prove the theorem was that the theory describes massive
point-like particles. For massless theories it is well known that the Poincare´ group can be
extended to the conformal group, while in the presence of a p-dimensional extended object,
or p-brane, it was pointed out by Azca´rraga et al. that the supersymmetry algebra can
admit a p-form central charge [5, 6]. This discovery initiated some studies of the possible
central extensions of supersymmetry algebra by adding charges with spacetime indices to
the ordinary supersymmetry algebra [7–9].
It has been well known that in gauge theories the commutator of two supersymme-
try transformations contains a gauge transformation as well as a translation [10–12]. For
example, regarding four-dimensional N = 1 supersymmetric Maxwell theory, there exist
essentially two known superfield formulations: One is to introduce a real scalar superfield or
vector superfield and impose the Wess-Zumino gauge condition. The other is to start with
a fermionic chiral superfield, Wα, and impose a certain reality constraint, D
αWα = D¯α˙W¯
α˙.
In the former approach, the gauge field appears explicitly in the superfield expansion and
1
the supersymmetry algebra closes on a gauge transformation and a translation, though the
original supersymmetry algebra in the superfield formalism closes only on a translation.
This is the price for adopting the Wess-Zumino gauge. On the other hand in the latter
approach, only the field strength appears in the superfield expansion and the existence of
the gauge field follows implicitly as the exterior derivative of the field strength vanishes, so
that the supersymmetry algebra closes on a translation alone1.
The main contents of the present paper are twofold: We first revisit supersymmetry
algebras in two gauge theories, 6D (1, 0) tensor multiplet containing Bµν and 4D N = 1 su-
persymmetric Maxwell theory containing Aµ. Analysing the commutators of super charges
in each theory, we conceive the notion of gauge charges which carry spacetime/spinor indices
and generate local gauge transformations. Since both theories are massless and describe free
point-like particles, neither Coleman-Mandula theorem is applicable nor solitonic extended
objects are present. Hence this is another type of origin for internal symmetry charges
which carry spacetime/spinor indices.
When there are infinitely many generators in a supersymmetry algebra, the superfield
formalism is not practical anymore, since the expansion of any superfield does not terminate
at a finite order resulting in infinitely many component fields. Motivated by the observation
above, in the rest of the paper, we analyse two off-shell supersymmetric toy models of a
k-form superfield in 2k + 2 dimensions, k = 2, 1, separately. We let the relevant supersym-
metry algebra consist of supercharges and translations only. By “solving” Jacobi identities,
1 The latter approach is demonstrated in section II-A. for the analysis of 6D tensor multiplet theory.
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we show that each model is completely solvable at off-shell level, possesses a severely con-
strained kinematics in the sense that all the component fields are at most quadratic in
spacetime coordinates, x, and that it is possible to determine how the coefficients in the
expansion of each component field in x transform to another under supersymmetry transfor-
mations, i.e. these coefficients form a “rigid” representation of the supersymmetry algebra2.
The organization of the present paper is as follows. Section II. contains the reanalysis
on 6D (1, 0) tensor multiplet. We discuss the gauge charges there. In section III., we study
the 6D (N, 0) toy model of a two-form superfield and solve the model completely. Section
IV. deals with a parallel analysis on 4D N = 1 supersymmetric Maxwell theory and a toy
model of a one-form superfield.
II. 6D (1, 0) Tensor Multiplet
II-A. Off-shell Superfield Formalism
Here we reconstruct the off-shell 6D (1, 0) tensor multiplet within a superfield formalism in
an algebraic way. We also exhibit an explicit expression for the corresponding superfield.
The standard six-dimensional (N, 0) supersymmetry algebra is given by
{Qiα, Q
j
β} = 2E
ijγAαβPA , (II.1)
2Cf. Ref. [13], where “soft gauge algebra” is defined to have field-dependent and hence spacetime-
dependent structure “constants”.
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where E ij is a 2N × 2N anti-symmetric matrix governing the symplectic structure
E ij =
(
0 1
−1 0
)
, (II.2)
with the inverse, E¯ij, E ijE¯jk = δik, and super charges, Qiα, 1 ≤ i ≤ 2N, 1 ≤ α ≤ 4, satisfy
the pseudo-Majorana condition
Q¯i = Q
i†γ0 = (Qj)tE¯ji . (II.3)
The corresponding superspace has coordinates, zM = (xA, θiα), where Grassmann variable,
θi, satisfies θ¯i = θ
i†γ˜0 = (θj)tE¯ji so that θ¯iQi = Q¯iθi is real.
Following Howe et al. [14], to obtain (1, 0) tensor multiplet, we consider a real scalar
superfield, Φ(z), subject to D(iαD
j)
β Φ(z) = 0 or equivalently
34
{Q(iα , [Q
j)
β , φ]} = 0 , (II.4)
where φ(x) = Φ(x, 0).
If we define
ψiα ≡ i[Q
i
α, φ] , (II.5)
then ψiα satisfies the pseudo-Majorana condition along with Q
i
α
ψ¯i = ψ
i†γ0 = (ψj)tE¯ji . (II.6)
3( ), [ ] mean symmetrizing, anti-symmetrizing indices with “strength one”.
4We note that D
(i
αD
j)
β = D
(i
[αD
j)
β].
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From eq.(II.4) and using the fact that γA, γ[Bγ˜CγD] form a basis of 4× 4 matrices, one can
derive an expression for {Qiα, ψ
j
β}. After imposing a Jacobi identity
{Qiα, [Q
j
β, φ]}+ {Q
j
β , [Q
i
α, φ]} = [{Q
i
α, Q
j
β}, φ] = 2E
ijγAαβ[PA, φ] , (II.7)
we get5
{Qiα, ψ
j
β} = E
ij(γA∂Aφ+
1
4
γ[Aγ˜BγC]HABC)αβ , (II.8)
where, due to eq.(A8), HABC is self-dual
HABC =
1
3!
ǫABC
DEFHDEF , (II.9)
and satisfies from eq.(A4)
E ijHABC = −
1
12
(γ˜[AγB γ˜C])
αβ{Qiα, ψ
j
β} . (II.10)
Further, with eq.(A5) pseudo-Majorana conditions (II.3,II.6) imply that HABC is real.
Using Jacobi identity one can write
−12E ij[Qkα, HABC ] = (γ˜[AγBγ˜C])
γδ[Qkα, {Q
i
γ, ψ
j
δ}]
= (γ˜[AγBγ˜C])
γδ
(
2EkiγDαγ [PD, ψ
j
δ ]− [Q
i
γ , {Q
k
α, ψ
j
δ}]
)
= Ekj
(
i(γDγ˜[AγBγ˜C]∂Dψ
i)α −
1
4
(γ[Dγ˜EγF ]γ˜[AγBγ˜C])α
β[Qiβ, HDEF ]
)
− 2iEki(γDγ˜[AγBγ˜C]∂Dψj)α .
(II.11)
Choosing j = k gives
[Qkα, HABC ] = −i
1
6
(γDγ˜[AγBγ˜C]∂Dψ
k)α , (II.12)
5PA acts on fields as a partial derivative in a standard way, [PA, φ] = −i∂Aφ.
5
which is in fact equivalent to eq.(II.11) itself.
With eqs.(II.8,II.12,A11a,A12) Jacobi identity gives
∂DHABC = i
1
16
E¯ij γ˜
αβ
D
(
{Qiα, [Q
j
β, HABC ]}+ {Q
j
β, [Q
i
α, HABC ]}
)
= 2∂[AHBC]D − ηD[A∂
EHBC]E +
1
6
ǫABC
EFG∂EHFGD .
(II.13)
With the self-duality of HABC , using eq.(A12), this becomes
∂DHABC = 3∂[AHBC]D − 3ηD[A∂
EHBC]E , (II.14)
and hence
∂CHABC = 0 , (II.15)
∂[AHBCD] = 0 . (II.16)
The latter implies that HABC is a field strength of a certain two-form tensor at least locally
HABC = ∂[ABBC] . (II.17)
Hence the existence of a two-form gauge field follows only implicitly as the exterior deriva-
tive of the three-form tensor vanishes, and φ, ψi, HABC form a representation of the standard
six-dimensional (1, 0) supersymmetry algebra (II.1) consisting of Q,P only. It is worth to
note that eq.(II.15) follows from eq.(II.17) and the self-duality of HABC .
Constraints on φ, ψi can be obtained in a similar fashion. From eqs.(II.5,II.8,II.12) we
get
[Qkγ , {Q
i
α, ψ
j
β}] = −iE
ij(γAαβ∂Aψ
k
γ + γ
A
βγ∂Aψ
k
α − γ
A
γα∂Aψ
k
β) , (II.18)
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so that with Jacobi identity
[{Qiα, Q
k
γ}, ψ
j
β] = −iE
ik(γAβγ∂Aψ
j
α + γ
A
αβ∂Aψ
j
γ − γ
A
γα∂Aψ
j
β) . (II.19)
From the supersymmetry algebra this must be equal to −2iE ikγAαγ∂Aψ
j
β , and hence
γA[αβ∂Aψ
j
γ] = 0 . (II.20)
Equivalently from eq.(A11a)
γ˜A∂Aψ
j = 0 . (II.21)
Furthermore this implies γ˜Aαβ∂A{Qiα, ψ
j
β} = 0, and hence with eq.(II.8)
✷φ = 0 . (II.22)
Now we can write superfield
Φ(z) = eiθ¯iQ
i
φ(x)e−iθ¯iQ
i
= φ+ θ¯iψ
i + i1
8
θ¯iγ
[Aγ˜BγC]θiHABC + i
1
3
θ¯iγ
Aθj θ¯j∂Aψ
i + 1
12
θ¯iγ
Aθj θ¯jγ
Bθi∂A∂Bφ
+ higher order terms containing derivatives ,
(II.23)
where the higher order terms which terminate at eighth order can be obtained from
eqs.(II.5,II.8,II.12).
II-B. Charges with Spacetime Indices : On-shell
The supersymmetry transformation rule for the two-form tensor field was first written by
Bergshoeff et al. at on-shell level [11, 15] as
δBAB = ε¯iγ[Aγ˜B]ψ
i . (II.24)
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From their results, by identifying
δ Field = i[ε¯iQ
i,Field] , (II.25)
one may introduce supersymmetry charges, Qiα, 1 ≤ i ≤ 2, such that
[Qiα, BAB] = −i(γ[Aγ˜B]ψ
i)α , (II.26a)
{Qiα, ψ
j
β} = E
ij(γA∂Aφ+
1
4
γ[Aγ˜BγC]HABC)αβ , (II.26b)
[Qiα, φ] = −iψ
i
α . (II.26c)
This is compatible with eqs.(II.5,II.8,II.12). We also note that eq.(II.26a) is consistent with
the pseudo-Majorana conditions (II.3,II.6), which can be shown using eq.(A5).
From eq.(II.26a) with Jacobi identities
[{Qiα, Q
j
β},Boson] = {Q
i
α, [Q
j
β,Boson]}+ {Q
j
β, [Q
i
α,Boson]} , (II.27a)
[{Qiα, Q
j
β},Fermion] = [Q
i
α, {Q
j
β,Fermion}] + [Q
j
β , {Q
i
α,Fermion}] , (II.27b)
one can calculate the anti-commutator of super charges. Using eq.(A11a) we get
[{Qiα, Q
j
β}, BAB] = −2iE
ij∂CBABγ
C
αβ + 3iE
ijH−ABCγ
C
αβ
− 2iE ij(∂ABBC − ∂BBAC + ηCA∂Bφ− ηCB∂Aφ)γCαβ ,
(II.28a)
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[{Qiα, Q
j
β}, ψ
k
γ ] = iE
jk(γAαβ∂Aψ
i
γ − γ
A
βγ∂Aψ
i
α − γ
A
γα∂Aψ
i
β)− (i↔ j)
= −2iE ij∂Aψkγγ
A
αβ + i
1
2
E ij(γAγ˜B∂Bψk)γγAαβ ,
(II.28b)
[{Qiα, Q
j
β}, φ] = −2iE
ij∂Aφγ
A
αβ , (II.28c)
where
H±ABC ≡
1
2
(HABC ±
1
3!
ǫABC
DEFHDEF ) . (II.29)
The equality on the second line of eq.(II.28b) holds since N = 1, i.e. 1 ≤ i, j ≤ 2.
Now we introduce a vector valued Hermitian charge, ZA, such that
[ZC , BAB] = −i(∂ABBC − ∂BBAC + ηCA∂Bφ− ηCB∂Aφ) ,
[ZC , ψ
i
α] = 0 , [ZC , φ] = 0 .
(II.30)
Direct calculation gives
[ZA, HBCD] = 0 , (II.31)
and hence ZA is a vector valued charge which generates a local gauge transformation. We
also note that ZA is effectively null when it acts on ψ
i
α, φ,HABC .
With the following constraints or “equations of motion”6
H−ABC = 0 : self-duality , (II.32a)
γ˜A∂Aψ
i = 0 , (II.32b)
6Contrary to the known, we do not need any constraint on the scalar field, φ.
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eq.(II.28a) realizes the following novel modified (1, 0) supersymmetry algebra in six-dimensions
{Qiα, Q
j
β} = 2E
ijγAαβ(PA + ZA) . (II.33)
We note from eqs.(II.26a,A11j)
[Qiα, HABC ] = −i(γ[Aγ˜B∂C]ψ
i)α
= −i1
6
(γDγ˜[AγBγ˜C]∂Dψ
i + γ[Aγ˜BγC]γ˜
D∂Dψ
i)α .
(II.34)
This shows from eq.(A8) that the self-duality condition (II.9) is also satisfied for the ex-
pression of [Qiα, HABC ] with the equation of motion (II.32b)
[Qiα, H−ABC ] = −i
1
6
(γ[Aγ˜BγC]γ˜
D∂Dψ
i)α = 0 . (II.35)
Similar analysis based on Jacobi identities can give other commutators/anti-commutators
of Qiα, PA, ZA. First we find
[PA, Q
i
α] = 0 , [PA, PB] = 0 , [PA, ZB] = 0 . (II.36)
If we denote gauge charges T(n) which are n times multi-commutators of Qiα, ZA containing
at least one ZA, i.e.
TA1A2···An = [ZA1 , [ZA2, · · · , [ZAn−1, ZAn] · · ·] ≡ ZA1A2···An ,
T iα
j
βA = {Q
i
α, [Q
j
β , ZA]} , etc.
(II.37)
then one can show, by induction on n, that gauge charges, T(n), act only on the two-form
tensor, BAB,
[T(n), ψiα} = 0 , [T(n), φ] = 0 , [T(n), HABC ] = 0 , (II.38)
and T(n) commutes with PA
[T(n), PA] = 0 . (II.39)
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In particular, direct calculation gives
[[ZC , Q
i
α], BAB] = (γC(γ˜A∂B − γ˜B∂A)ψ
i)α , (II.40a)
[ZCD, BAB] = ∂A(∂DBBC − ∂CBBD + ηDB∂Cφ− ηCB∂Dφ)− (A↔ B) , (II.40b)
[ZC1C2···Cn , BAB] =
n−2∏
j=1
(−i∂Cj )
(
∂A(∂CnBBCn−1 − ∂Cn−1BBCn)− (A↔ B)
)
. (II.40c)
Since [T(n), Qiα} 6= 0, gauge charges are not central.
We note that there exist infinitely many gauge charges, T(n), and this has to do with the
fact that there exist infinite degrees of freedom for local gauge transformations. It is worth
to note that Jacobi identities may reduce the number of independent charges such as
T iα
j
βA + T
j
β
i
αA = 2E
ijγBαβZBA . (II.41)
III. 6D Toy Model of Two-form Superfield : Off-shell
In this section we investigate the consequences of setting ZA = 0, by considering a 6 D
off-shell toy model of a two-form superfield. We assume the supersymmetry transformation
of the lowest component field of the superfield is identical to that of the two-form gauge
field in 6D tensor multiplet (II.26a), i.e.
[Qiα, BAB] = −i(γ[Aγ˜B]ψ
i)α , (III.1)
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and require our toy model to be subject to the standard (N, 0) supersymmetry algebra
consisting of Qiα, PA alone, i.e. eq.(II.1)
{Qiα, Q
j
β} = 2E
ijγAαβPA , (III.2)
where 1 ≤ i, j ≤ 2N and N is an arbitrary natural number. We note that eq.(III.1) is of
the most general form without any derivative and gravitinos.
Provided with these two equations (III.1,III.2) only, without any “equation of motion”,
using some properties of gamma matrices in six-dimensions we are going to show that the
model is completely solvable at off-shell level, possesses a severely constrained kinematics
as
• BAB, ψiα alone form a super multiplet without introducing any scalar field.
• The field strength of the two-form field is automatically self-dual.
• BAB is at most linear in spacetime coordinates, x, and it has the following explicit
form
BAB = BAxB − BBxA + BABCx
C + BAB , (III.3)
where
BAB = B[AB] , BABC =
1
3!
ǫABC
DEFBDEF . (III.4)
• The spinor field, ψiα, is a spacetime independent constant field, i.e. there remain only
zero modes and with Bαβ ≡ BAB(γ[Aγ˜B])αβ it can be written as
ψiα = −i
1
30
[Qiβ,Bα
β] . (III.5)
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• The supersymmetry transformation rule for ψiα is
{Qiα, ψ
j
β} = E
ij(1
5
∂AB
A
Bγ
B + 1
12
HABCγ
[Aγ˜BγC])αβ . (III.6)
• The supersymmetry algebra (III.2) is represented by
[Qiα,BA] = 0 , [Q
i
α,BABC ] = 0 , (III.7a)
[Qiα,BAB] = −i(γ[Aγ˜B]ψ
i)α , (III.7b)
{Qiα, ψ
j
β} = E
ij(−BAγA +
1
12
BABCγ[Aγ˜BγC])αβ , (III.7c)
[PC ,BA] = 0 , [PC ,BABC ] = 0 , (III.8a)
[PC ,BAB] = −i(BAηBC − BBηCA + BABC) , (III.8b)
[PC , ψ
i] = 0 . (III.8c)
Proof
With Bα
β ≡ BAB(γ
[Aγ˜B])α
β , eq.(III.1) is equivalent from eq.(A10) to
[Qiα, Bβ
γ] = 8iδα
γψiβ − 2iδβ
γψiα . (III.9)
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Jacobi identity which is crucial in our calculation is with eq.(III.2)
{Qiα, [Q
j
β, Bγ
δ]}+ {Qjβ , [Q
i
α, Bγ
δ]} = 2E ijγAαβ[PA, Bγ
δ] , (III.10)
and hence from eq.(III.9)
δγ
δ{Qiα, ψ
j
β}+ δγ
δ{Qjβ, ψ
i
α} − 4δβ
δ{Qiα, ψ
j
γ} − 4δα
δ{Qjβ , ψ
i
γ} = E
ijγAαβ∂ABγ
δ . (III.11)
Contracting β, δ indices gives
15{Qiα, ψ
j
γ}+ 4{Q
j
α, ψ
i
γ} − {Q
j
γ , ψ
i
α} = E
ij∂ABBC(γ
[B γ˜C]γA)γα . (III.12)
Symmetrizing i, j indices of this gives
19{Q(iα , ψ
j)
γ } = {Q
(i
γ , ψ
j)
α } , (III.13)
so that
{Qiα, ψ
j
β}+ {Q
j
α, ψ
i
β} = 0 . (III.14)
Hence eq.(III.12) becomes
11{Qiα, ψ
j
γ}+ {Q
i
γ, ψ
j
α} = E
ij∂ABBC(γ
[Bγ˜C]γA)γα . (III.15)
Using eq.(A11c) we symmetrize α, γ indices to get
{Qiα, ψ
j
γ}+ {Q
i
γ , ψ
j
α} =
1
6
E ijHABC(γ[Aγ˜BγC])αγ , (III.16)
On the other hand, from eq.(A11b), anti-symmetrizing α, γ indices in eq.(III.15) gives
{Qiα, ψ
j
γ} − {Q
i
γ , ψ
j
α} =
2
5
E ij∂ABABγBαγ . (III.17)
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Thus, combining eq.(III.16) and eq.(III.17) gives the supersymmetry transformation rule
for the spinor field (III.6). Substituting this into the Jacobi identity (III.11) gives
8
5
δ[α
δγBβ]γ∂AB
A
B +
2
3
δ[α
δ(γ[Aγ˜BγC])β]γHABC +
2
5
δγ
δγBαβ∂AB
A
B = γ
A
αβ∂ABγ
δ . (III.18)
Contracting this with γ˜αβA gives from eq.(A2)
∂ABγ
δ = (2
5
∂BB
BCγ[Aγ˜C] +
1
6
HBCDγ
[Bγ˜CγD]γ˜A)γ
δ . (III.19)
Since this vanishes when we contract γ , δ indices, from eqs.(A3,A4), contracting eq.(III.19)
with (γ[Bγ˜C])δ
γ simplifies eq.(III.19) to the following equivalent formula
∂ABBC =
1
5
(ηAB∂DB
D
C − ηAC∂DBDB) +H+ABC . (III.20)
Now we are going to solve eq.(III.20). An immediate consequence of eq.(III.20) is that
HABC is self-dual (II.9). With this self-duality condition, eq.(III.20) becomes
10∂ABBC − 5∂BBCA − 5∂CBAB = 3ηAB∂DB
D
C − 3ηAC∂DB
D
B . (III.21)
Acting ∂B on this gives
7∂A∂BB
B
C − 5✷BCA + 5∂C∂BB
B
A = 0 . (III.22)
Symmetrizing A, C indices gives
∂A∂BB
B
C + ∂C∂BB
B
A = 0 , (III.23)
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and hence from eq.(III.22)
∂A∂BB
B
C = −
5
2
✷BAC , (III.24a)
✷∂BB
B
C = 0 . (III.24b)
With eq.(III.24a), acting ∂D on eq.(III.21) and then symmetrizing A, B indices gives
2∂A∂DBBC + 2∂B∂DBAC = ✷(2ηABBCD − ηACBBD − ηBCBAD) . (III.25)
Similarly
2∂D∂ABBC + 2∂B∂ABDC = ✷(2ηDBBCA − ηDCBBA − ηBCBDA) , (III.26a)
2∂D∂BBAC + 2∂A∂BBDC = ✷(2ηDABCB − ηDCBAB − ηACBDB) . (III.26b)
Now we add eq.(III.26a) to eq.(III.25) and then subtract eq.(III.26b) to get
∂A∂DBBC =
1
2
✷(ηABBCD − ηACBBD + ηDBBCA − ηDCBBA + ηADBBC) . (III.27)
With eq.(III.24b) this implies
∂A✷BBC =
3
2
✷HABC , (III.28)
and hence
✷HABC = ∂A✷BBC = 0 . (III.29)
Thus from eq.(III.27)
∂A∂B∂CBDE = 0 . (III.30)
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Now if we write
1
2
✷BAB ≡ CAB : constant , (III.31)
then from eqs.(III.27,III.30) the quadratic term of BAB is of the form
B
(2)
AB =
1
2
CABx
2 − CACxCxB + CBCxCxA , (III.32)
so that imposing the self-duality condition (II.9) gives
C[ABxC] =
1
3!
ǫABC
DEFC[DExF ] . (III.33)
Therefore
CAB = 0 , (III.34)
and BAB is at most linear in x. From eq.(III.20) BAB is of the final form (III.3) with
coefficients satisfying eq.(III.4). Due to the explicit form of BAB we get eqs.(III.8a,III.8b)
and eq.(III.6) becomes eq.(III.7c).
Now we perform a similar analysis on ψi. A Jacobi identity for this field is
[Qiα, {Q
j
β, ψ
k
γ}] + [Q
j
β , {Q
i
α, ψ
k
γ}] = −2iE
ijγAαβ∂Aψ
k
γ . (III.35)
Using eqs.(A11f,A11g) we get from eqs.(III.1,III.6)
[Qiα, {Q
j
β, ψ
k
γ}] = iE
jk(1
5
γAβγ∂Aψ
i
α +
1
15
γAγα∂Aψ
i
β +
11
15
γAαβ∂Aψ
i
γ) . (III.36)
With this expression, in the case of i = j, eq.(III.35) becomes
γAβγ∂Aψ
i
α = −γ
A
αγ∂Aψ
i
β , (III.37)
17
and hence γAαβ∂Aψ
i
γ is totally anti-symmetric for the spinorial indices
Γiαβγ ≡ γ
A
αβ∂Aψ
i
γ = Γ
i
[αβγ] . (III.38)
Now the Jacobi identity (III.35) becomes
E ikΓjαβγ − E
jkΓiαβγ = 2E
ijΓkαβγ . (III.39)
If we consider the case, i = k
E ijΓiαβγ = 0 , (III.40)
and hence
∂Aψ
i
α = 0 , (III.41)
ψiα is a constant field satisfying eq.(III.8c).
Now let’s go back to the two-form tensor. From eqs.(III.1,III.3) we get
[Qiα,BA]xB − [Q
i
α,BB]xA + [Q
i
α,BABC ]x
C + [Qiα,BAB] = −i(γ[Aγ˜B]ψ
i)α . (III.42)
Since ψiα is constant we get eqs.(III.7a,III.7b), and from eq.(III.9) we get eq.(III.5) as well.
Finally one can check that eqs.(III.7a,III.8a) are consistent with the supersymmetry
algebra (III.2).
Q.E.D.
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IV. 4D Super Maxwell Theory and Toy Model
In this section, similarly to section II. and III., we analyse the supersymmetry algebra in
4D N = 1 supersymmetric Maxwell theory and study a toy model of a one-form superfield.
We obtain similar results.
IV-A. Charges with Spacetime Indices : On-shell
As an analogy to eq.(II.26a), from the known supersymmetry transformation rules for the
component fields in N = 1 on-shell supersymmetric Maxwell multiplet [10, 16], we can
write7,
[Qα, Aµ] = (σµψ¯)α , [Q¯α˙, Aµ] = −(ψσµ)α˙ , (IV.1a)
{Qα, ψ
β} = i1
2
(σ[µσ˜ν])α
βFµν , {Q¯α˙, ψ¯
β˙} = i1
2
(σ˜[µσν])β˙ α˙Fµν , (IV.1b)
{Qα, ψ¯α˙} = 0 , {Q¯α˙, ψ
α} = 0 . (IV.1c)
where Fµν = ∂µAν − ∂νAµ.
From these, using Jacobi identities and eqs.(B3,B4,B5,B6), direct calculation gives
[{Qα, Q¯α˙}, Aµ] = 2iFµνσναα˙ ,
[{Qα, Qβ}, Aµ] = 0 , [{Q¯α˙, Q¯β˙}, Aµ] = 0 ,
(IV.2a)
7An auxiliary scalar field was set to be zero for simplicity.
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[{Qα, Q¯α˙}, ψβ] = −2iσ
µ
αα˙∂µψ
β + i(∂µψσ
µ)α˙δα
β ,
[{Qα, Qβ}, ψγ] = i
(
δα
γ(σµ∂µψ¯)β + δβ
γ(σµ∂µψ¯)α
)
,
[{Q¯α˙, Q¯β˙}, ψ
α] = 0 ,
(IV.2b)
[{Qα, Q¯α˙}, ψ¯β˙] = −2iσ
µ
αα˙∂µψ¯
β˙ + i(σµ∂µψ¯)αδα˙
β˙ ,
[{Qα, Qβ}, ψ¯α˙] = 0 ,
[{Q¯α˙, Q¯β˙}, ψ¯
γ˙] = i
(
δα˙
γ˙(∂µψσ
µ)β˙ + δβ˙
γ˙(∂µψσ
µ)α˙
)
.
(IV.2c)
Now it is obvious that with constraints on ψ, ψ¯ or “equations of motion”
σµ∂µψ¯ = 0 , ∂µψσ
µ = 0 , (IV.3)
4 D N = 1 on-shell supersymmetric Maxwell theory admits the following modified super-
symmetry algebra8
{Qα, Q¯α˙} = 2σ
µ
αα˙(Pµ + Zµ) ,
{Qα, Qβ} = 0 , {Q¯α˙, Q¯β˙} = 0 ,
[Pµ, Qα] = 0 , [Pµ, Q¯α˙] = 0 ,
[Pµ, Zν ] = 0 ,
(IV.4)
8While this work was being completed, a supersymmetry algebra identical to eq.(IV.4) but of different
origin was discussed by Gorsky and Shifman [17]. It is relevant to the soliton solutions with the axial
geometry - the saturated strings.
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where Zµ = (Zµ)
† generates a local gauge transformation
[Zµ, Aν ] = i∂νAµ , [Zµ, Fνρ] = 0 ,
[Zµ, ψ
α] = 0 , [Zµ, ψ¯
α˙] = 0 .
(IV.5)
Multi-commutators of Zµ, Qα, Q¯α˙ generate infinitely many gauge charges which act on
Aµ only and annihilate ψ
α, ψ¯α˙, Fµν as in eq.(IV.5). In particular we have
[[Zµ, Qα], Aν ] = −i(σµ∂νψ¯)α , (IV.6a)
[[Zµ, Zν ], Aλ] = ∂λFµν , (IV.6b)
[[Zµ1 , [Zµ2, · · · , [Zµn−1 , Zµn] · · ·], Aν ] =
n−2∏
j=1
(−i∂µj )∂νFµn−1µn . (IV.6c)
IV-B. 4D Toy Model of One-form Superfield : Off-shell
Here we study a 4 D toy model of a one-form superfield. We assume the supersymmetry
transformation of the lowest order component field is identical to that of the one-form gauge
field in supersymmetric Maxwell theory (IV.1a), i.e.
[Qα, Aµ] = (σµψ¯)α , [Q¯α˙, Aµ] = −(ψσµ)α˙ , (IV.7)
and require the governing supersymmetry algebra to be the standard one consisting of
Qα, Q¯α˙, Pµ only
{Qα, Q¯α˙} = 2σ
µ
αα˙Pµ ,
{Qα, Qβ} = 0 , {Q¯α˙, Q¯β˙} = 0 .
(IV.8)
We note that eq.(IV.7) is of the most general form without any derivative and gravitinos.
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Provided with these two equations (IV.7,IV.8) alone, without any “equation of motion”,
using some properties of gamma matrices in four-dimensions we are going to show that the
model is completely solvable at off-shell level, possesses a severely constrained kinematics
as
• The super multiplet consists of Aµ, ψα, ψ¯α˙, ϕ, where ϕ is a real scalar field.
• Aµ satisfies the conformal Killing equation
∂µAν + ∂νAµ =
1
2
(∂·A) ηµν , (IV.9)
so that Aµ is at most quadratic in x and it has the following explicit form
Aµ = aµ + λxµ + wµ
νxν + 2x·b xµ − x
2bµ , (IV.10)
where all the coefficients, aµ, λ, wµν, bµ are Hermitian operators.
• The supersymmetry transformation rules for the spinor fields, ψα, ψ¯α˙, are
{Qα, ψβ} = i
1
4
(σ[µσ˜ν])α
βFµν + (ϕ+ i
1
4
∂·A)δαβ ,
{Q¯α˙, ψ¯β˙} = i
1
4
(σ˜[µσν])β˙ α˙Fµν + (ϕ− i
1
4
∂·A)δβ˙ α˙ ,
{Qα, ψ¯α˙} = 0 , {Q¯α˙, ψα} = 0 .
(IV.11)
• ψα, ψ¯α˙ are at most linear in x. The explicit forms are
ψα = ξα + (ρ¯x˜)α , ψ¯α˙ = ξ¯α˙ + (x˜ρ)α˙ , (IV.12)
where x˜ = xµσ˜
µ and the lower spinorial indices of ρα, ρ¯α˙ are to be understood.
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• The real scalar field, ϕ, is a spacetime independent constant field. Its supersymmetry
transformation rules are
[Qα, ϕ] = −i
3
4
(σµ∂µψ¯)α , [Q¯α˙, ϕ] = −i
3
4
(∂µψσ
µ)α˙ . (IV.13)
• The supersymmetry algebra (IV.8) is represented by
[Qα, aµ] = (σµξ¯)α , [Q¯α˙, aµ] = −(ξσµ)α˙ ,
[Qα, λ] = ρα , [Q¯α˙, λ] = −ρ¯α˙ ,
[Qα, wµν ] = (σ[µσ˜ν]ρ)α , [Q¯α˙, wµν ] = (ρ¯σ˜[µσν])α˙ ,
[Qα, bµ] = 0 , [Q¯α˙, bµ] = 0 ,
(IV.14a)
[Pµ, aν ] = i(wµν − ληµν) ,
[Pµ, λ] = −2ibµ ,
[Pλ, wµν ] = 2i(bµηνλ − bνηµλ) ,
[Pµ, bν ] = 0 ,
(IV.14b)
{Qα, ξ¯α˙} = 0 , {Q¯α˙, ξα} = 0 ,
{Qα, ρβ} = 0 , {Q¯α˙, ρ¯β˙} = 0 ,
(IV.14c)
{Qα, ξβ} = −i
1
2
wµν(σ
[µσ˜ν])α
β + (ϕ+ iλ)δα
β ,
{Q¯α˙, ξ¯β˙} = −i
1
2
wµν(σ˜
[µσν])β˙ α˙ + (ϕ− iλ)δβ˙ α˙ ,
(IV.14d)
where
ϕ = 1
4
({Qα, ξα}+ {Q¯α˙, ξ¯α˙}) = ϕ† , (IV.14e)
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{Qα, ρ¯α˙} = 2i(b·σ)αα˙ , {Q¯α˙, ρα} = −2i(b·σ)αα˙ , (IV.14f)
[Pµ, ξ
α] = −i(ρ¯σ˜µ)α , [Pµ, ξ¯α˙] = −i(σ˜µρ)α˙ ,
[Pµ, ρα] = 0 , [Pµ, ρ¯α˙] = 0 ,
(IV.14g)
[Qα, ϕ] = −3iρα , [Q¯α˙, ϕ] = −3iρ¯α˙ ,
[Pµ, ϕ] = 0 .
(IV.14h)
Proof
A Jacobi identity analogous to eq.(III.10) gives using eq.(B3)
∂µAν = i
1
4
(
(σ˜µσν)
α˙
β˙{Q¯α˙, ψ¯
β˙} − (σν σ˜µ)βα{Qα, ψβ}
)
, (IV.15)
while Jacobi identity for {Qα, Qβ} = 0 gives with Aα˙α ≡ Aµσ˜µα˙α
0 = {Qα, [Qβ, Aγ˙γ ]}+ {Qβ, [Qα, Aγ˙γ]}
= 2δα
γ{Qβ , ψ¯γ˙}+ 2δβγ{Qα, ψ¯γ˙} ,
(IV.16)
and hence
{Qα, ψ¯α˙} = 0 , {Q¯α˙, ψα} = 0 . (IV.17)
Eq.(IV.15) is equivalent to
∂µAν + ∂νAµ = i
1
2
(
{Q¯α˙, ψ¯α˙} − {Qα, ψα}
)
ηµν , (IV.18a)
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Fµν = i
1
2
(
(σ˜[µσν])
α˙
β˙{Q¯α˙, ψ¯
β˙}+ (σ[µσ˜ν])β
α{Qα, ψβ}
)
. (IV.18b)
Eq.(IV.18a) gives the conformal Killing equation (IV.9) with the general solution (IV.10)
in four-dimensions [18] and eq.(IV.18b) gives from eq.(B5)
{Qα, ψ
β} − 1
2
δα
β{Qγ , ψγ} = i
1
4
Fµν(σ
[µσ˜ν])α
β , (IV.19)
so that from eqs.(IV.8,IV.17)
i1
4
(σ[µσ˜ν])α
β[Q¯α˙, Fµν ] = −i
1
2
(σ[µσ˜ν])α
β(∂µψσν)α˙
= [Q¯α˙, {Qα, ψβ}]−
1
2
δα
β[Q¯α˙, {Qγ, ψγ}]
= −2iσµαα˙∂µψ
β + iδα
β(∂µψσ
µ)α˙ .
(IV.20)
Using eqs.(IV.7,B1,B4,B5) one can show that eq.(IV.20) is equivalent to the following simple
formula
∂µψ
α = 1
4
(∂νψσ
ν σ˜µ)
α . (IV.21)
This gives
∂µ∂νψ = (
1
4
)2∂ρ∂λψσ
λσ˜µσ
ρσ˜ν
= (1
4
)2∂ρ∂λψσ
λ(2δµ
ρ − σ˜ρσµ)σ˜ν
= 1
2
∂µ∂νψ −
1
16
✷ψσµσ˜ν ,
(IV.22)
so that
✷ψα = 0 ,
∂µ∂νψ
α = 0 .
(IV.23)
Thus ψα, ψ¯α˙ are at most linear in spacetime coordinates, x, and from eq.(IV.21) we can
write their general forms as in eq.(IV.12).
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Now from eqs.(IV.7,IV.10,IV.17) we get eq.(IV.14a,IV.14c), and from [Pµ, Aν ] = −i∂µAν ,
[Pµ, ψ] = −i∂µψ we get eqs.(IV.14b,IV.14g). Substituting eqs.(IV.10,IV.12) into eq.(IV.19)
gives
{Qα, ξ
β} − 1
2
δα
β{Qγ , ξγ} = −i
1
2
wµν(σ
[µσ˜ν])α
β , (IV.24a)
{Qα, (ρσ˜µ)
β} − 1
2
δα
β{Qγ , (ρσ˜µ)
γ} = i(b·σσ˜µ − σµb·σ˜)α
β . (IV.24b)
Contracting the latter with σµβα˙ gives eq.(IV.14f) which is however equivalent to eq.(IV.24b).
Eq.(IV.18a) gives
{Qα, ξ
α} − {Q¯α˙, ξ¯
α˙} = 4iλ . (IV.25)
Now we define ϕ as in eq.(IV.14e). Then from eqs.(IV.24a,IV.25) we get eq.(IV.14d). The
supersymmetry transformation rules for ϕ (IV.14h) follow from eqs.(IV.14a,IV.14c,IV.14d,IV.14e,IV.14g),
since
[Qα, ϕ] =
1
2
[Qα, ϕ+ iλ] +
1
2
σ
µ
αα˙[Pµ, ξ¯
α˙]
= 1
2
[Qα, ϕ]− i
3
2
ρα .
(IV.26)
Finally one can check that eq.(IV.14) is consistent with the supersymmetry algebra (IV.8).
Q.E.D.
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V. Summary and Discussion
In section II., we reconstructed 6D (1, 0) tensor multiplet at off-shell and on-shell level re-
spectively: At off-shell level, within a superfield formalism in an algebraic way, we showed
that the existence of a two-form gauge field follows only implicitly as the exterior derivative
of the three-form tensor vanishes. We also exhibited an explicit expression for the corre-
sponding superfield. At on-shell level, we analysed the supersymmetry algebra when the
supersymmetry transformation rule for the two-form gauge field is given explicitly. We pro-
posed a notion for gauge charges carrying spacetime/spinor indices. Along with translations
and super charges they form an infinite dimensional super algebra formally. This has to do
with the fact that there exist infinite degrees of freedom for local gauge transformations.
In section III., we investigated the consequences of “switching off” the gauge charges by
considering a 6D off-shell toy model of a two-form superfield . We made two assumptions
there. One is that the supersymmetry transformation of the lowest component field of the
superfield, BAB, is identical to the that of the two-form gauge field in on-shell (1, 0) tensor
multiplet and the other is that the model is subject to the standard six-dimensional (N, 0)
supersymmetry algebra which consists of P,Q only with an arbitrary natural number, N .
With these two assumptions alone, we showed that the model is completely solvable at off-
shell level and possesses a severely constrained kinematics in the sense that: (i) BAB, ψ
i
α
alone form a super multiplet without introducing any scalar field, (ii) The supersymmetry
transformation rule for ψi is determined, (iii) The field strength of the two-form field is
automatically self-dual, (iv) BAB is at most linear in spacetime coordinates, x, and ψ
i is
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a spacetime independent constant field, (v) It is possible to determine how the coefficients
in the expansion of each component field in x transform to another under supersymmetry
transformations, i.e. these coefficients form a “rigid” representation of the supersymmetry
algebra.
In section IV., similar analysis on 4 D N = 1 supersymmetric Maxwell theory was
performed and we identified an infinite dimensional supersymmetry algebra with gauge
charges carrying spacetime/spinor indices. We also analysed a 4D toy model of a one-form
superfield. We found the model is completely solvable at off-shell level too as (i) The super
multiplet consists of Aµ, ψ
α, ψ¯α˙ and a real scalar field ϕ, (ii) The supersymmetry transfor-
mation rules for all the component fields are determined, (iii) Aµ satisfies the conformal
Killing equation so that Aµ is at most quadratic in x, (iv)ψ
α, ψ¯α˙ are at most linear in x,
and ϕ is a spacetime independent constant field, (v) The coefficients in the expansion of
each component field in x form a “rigid” representation of the supersymmetry algebra.
Our study of the toy model signifies the importance of the gauge symmetry/charges in
ordinary gauge theories and reveals the power of supersymmetry once more.
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Appendix
Here we exhibit some useful identities on gamma matrices in six and four dimensions
which were previously given in Ref. [19] with details.
A Gamma Matrices in Six-dimensions
With the Minkowskian metric ηAB = diag(+1,−1,−1, · · · ,−1), the 4 × 4 matrices, γA, γ˜A
satisfy
γAγ˜B + γBγ˜A = 2ηAB , (A1)
and hence9
tr(γAγ˜B) = 4ηAB , (A2)
tr(γAγ˜BγC γ˜D) = 4(ηABηCD − ηACηBD + ηBCηDA) , (A3)
tr(γ[Aγ˜BγC]γ˜[DγEγ˜F ]) = 4ǫ
ABC
DEF − 24δ
[A
Dδ
B
Eδ
C]
F , (A4)
γ0γA†γ0 = γA , γA† = γ˜A . (A5)
In six-dimensions, without loss of generality, γA, γ˜A may be taken to be anti-symmetric
(γA)αβ = −(γA)βα , (γ˜A)αβ = −(γ˜A)βα , (A6)
9We put ǫ012345 = 1.
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and hence {γA} and {γ˜A} are separately bases of 4× 4 anti-symmetric matrices so that
(γA)αβ(γ˜A)
γδ = 2(δ δα δ
γ
β − δ
γ
α δ
δ
β ) . (A7)
Due to the identities
γ[Aγ˜BγC] = −1
6
ǫABCDEF γ
Dγ˜EγF , γ˜[AγB γ˜C] = 1
6
ǫABCDEF γ˜
DγE γ˜F , (A8)
there are only 10 independent γ[Aγ˜BγC] and γ˜[AγB γ˜C] separately and both of them form
bases of 4× 4 symmetric matrices with the completeness relation
(γ[Aγ˜BγC])αβ(γ˜[AγB γ˜C])
γδ = −24(δ γα δ
δ
β + δ
δ
α δ
γ
β ) . (A9)
The coefficient on the right hand side may be determined by eq.(A4).
{γ[Aγ˜B], 1} also forms a basis of general 4× 4 matrices with the completeness relation
− 1
8
(γ[Aγ˜B]) βα (γ[Aγ˜B])
δ
γ +
1
4
δ βα δ
δ
γ = δ
δ
α δ
β
γ . (A10)
With this choice of gamma matrices we get
γAαβ =
1
2
ǫαβγδγ˜
Aγδ , γ˜Aαβ = 1
2
ǫαβγδγAγδ , (A11a)
γ[Aγ˜B]γC − (γ[Aγ˜B]γC)t = 2ηBCγA − 2ηCAγB , (A11b)
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γ[Aγ˜B]γC + (γ[Aγ˜B]γC)t = 2γ[Aγ˜BγC] , (A11c)
γ[Aγ˜B]γ[C γ˜DγE] − (γ
[Aγ˜B]γ[C γ˜DγE])
t = 2ǫABCDEFγ
F − 12δA[Cδ
B
DγE] , (A11d)
γAαβ(γAγ˜
B)γ
δ = 2δα
δγBβγ + 2δβ
δγBγα + 2δγ
δγBαβ , (A11e)
(γ[Aγ˜B])α
βγBγδ = 2δ
β
γγ
A
αδ − 2δ
β
δγ
A
αγ − δα
βγAγδ , (A11f)
(γ[Aγ˜BγC])αβ(γ[Aγ˜B])γ
δ = 4(δα
δγCβγ + δβ
δγCαγ) , (A11g)
γ[Aγ˜BγC]γ˜
D = 3γ[Aγ˜BδC]
D − 1
2
ǫABC
DEFγEγ˜F , (A11h)
γDγ˜[AγBγ˜C] = 3γ[Aγ˜BδC]
D + 1
2
ǫABC
DEFγE γ˜F , (A11i)
6γ[Aγ˜BδC]
D = γ[Aγ˜BγC]γ˜
D + γDγ˜[AγBγ˜C] . (A11j)
It is useful to note
ǫABCDIJǫ
EFGHIJ = −48δ [EA δ
F
B δ
G
C δ
H]
D . (A12)
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B Sigma Matrices in Four-dimensions
The 2× 2 matrices, σµ, σ˜µ satisfy
σµσ˜ν + σν σ˜µ = 2ηµν , (B1)
and hence
1
2
tr(σµσ˜ν) = ηµν , (B2a)
1
2
tr(σµσ˜νσλσ˜ρ) = ηµνηλρ + ηνληρµ − ηµληνρ − iǫµνλρ , (B2b)
where we put ǫ0123 = −ǫ0123 = 1.
σµ and σ˜µ separately form bases of 2× 2 matrices with the completeness relation
σ
µ
αα˙σ˜
β˙β
µ = 2δ
β
α δ
β˙
α˙ . (B3)
The coefficient on the right hand side may be determined by eq.(B2a).
σµ and σ˜µ are related by
ǫσ˜µtǫ¯ = −σµ . (B4)
where ǫαβ , ǫ¯α˙β˙ are 2× 2 anti-symmetric matrices, ǫ12 = ǫ¯12 = 1 with inverses,
(ǫ−1)αβ, (ǫ¯−1)α˙β˙.
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From eqs.(B3,B4) we get
σ
µ
αα˙σµββ˙ = 2ǫαβ ǫ¯α˙β˙ ,
(σ[µσ˜ν])α
β(σ[µσ˜ν])γ
δ = 4(δ βα δ
δ
γ − 2δ
δ
α δ
β
γ ) ,
(σ[µσ˜ν])α
β(σ˜[µσν])
α˙
β˙ = 0 .
(B5)
It is useful to note
δ δα δ
β
γ − δ
β
α δ
δ
γ = ǫαγǫ
−1βδ . (B6)
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